Abstract. We study some properties of representable generalized local homology modules. By duality, we get some properties of good generalized local cohomology modules.
Introduction
Let I be an ideal of a local Noetherian commutative ring R and M, N Rmodules. In [8] , [10] we defined the i-th generalized local homology module H This definition is in some sense dual to J. Herzog's definition of generalized local cohomology modules [5] and in fact a generalization of the usual local homology modules
, [4] ).
In [7] Macdonald defined a non-zero R-module M to be secondary if its multiplication endomorphism by any element x of R is either surjective or nilpotent. It is immediate that the nil-radical of M is a prime ideal p and M is call p-secondary. A secondary representation for an R-module M is an expression for M as a finite sum of secondary modules. If such a representation exists, we will say that M is representable. For the convenient, a zero module is considered as a representable module. If M has a reduced secondary
In [3, 4.7] we showed that for any artinian R-module M,
Then Rezaei [12] extended the above result and proved that inf{i :
is not representable} = inf{i : I ⊆ Ann(H I i (M ))}. In this paper, we study representable generalized local homology modules H I i (M, N ) and get some general results. The first main result is Theorem 2.4 in which we show that if M is a non-zero representable I-separated R-module,
Next, Theorem 2.7 gives us the following equalities when M is finitely generated and N is artinian:
In Theorem 2.8 we see that if
By duality, we get some properties of good generalized local cohomology modules H i I (M, N ) (Theorems 3.2 and 3.3). Theorem 3.3 especially gives us a nice consequence: If M and N are finitely generated R-modules such that dim N = d and ext
is not good (Corollary 3.4).
Representable generalized local homology modules
We first recall some basic properties of generalized local homology modules H I i (M, N ) that we shall use. Lemma 2.1 ([8, 2.7]). Let M be a finitely generated R-module and N an artinian R-module. If N is complete with respect to I-adic topology (i.e., Λ I (N ) ∼ = N ), then there is an isomorphism for all i ≥ 0,
. Let M be a finitely generated R-module and N an artinian R-module. Let s be a positive integer. Then the following statements are equivalent:
) for all i < s. Let pd(M ) be the projective dimension of M and Ndim N the Noetherian dimension of N, we have a vanishing theorem for generalized local homology modules.
Theorem 2.3 ([9, 3.11])
. Let M be a finitely generated R-module with pd(M ) < ∞ and N an artinian R-module. Then
Note that the generalized local homology modules
We have the following properties of non-zero representable Iseparated R-modules.
We now assume that
p j , then I ⊆ p s for some s ∈ {1, 2, . . . , m}. Thus there exists
which is a contraction. The proof is complete. N ) ). An R-module N is called I-stable if for each element x ∈ I, there is a positive integer n such that x t N = x n N for all t ≥ n. There are many I-stable modules. For example, for an R-module M the quotient module N = M/IM is I-stable. Artinian modules especially are I-stable (see [10] ). To prove Theorem 2.7 we need the following lemma. Lemma 2.6. Let M be an I-separated R-module. Then M is I-stable if and only if I ⊆ Ann R (M ).
Proof. "If" is clear.
"Only if". Note that I is finitely generated, as R is Noetherian. Since M is I-stable, there is a positive integer n such that
Theorem 2.7. Let M be a finitely generated R-module and N an artinian R-module. Let s be a positive integer. Then the following statements are equivalent: In the following theorem we find some equivalent conditions when generalized local homology modules H Let d > 0. There is a positive integer n such that I t N = I n N for all t ≥ n. Set K = I n N, the short exact sequence of artinian R-modules
induces an exact sequence of generalized local homology modules
. Thus, the proof will be complete if we show that H 
induces an exact sequence of generalized local homology modules 
Generalized local cohomology modules

